Using as a tool the s-wave approximation (sWA), this work demonstrates that the nonmesonic weak decay transition rates Γn and Γp can be expressed in all hypernuclei up to 29 Λ Si (and very likely in heavier ones too) in the same way as in the s-shell hypernuclei, i.e., as a linear combination of only three elementary transition rates. This finding leads to the analytic prediction that, independently of the transition mechanism, all hypernuclei that are on the stability line (N = Z), i.e., 
I. INTRODUCTION
The nonmesonic weak decay (NMWD) of Λ hypernuclei, ΛN → nN , takes place only within a nuclear environment with the decay rate Γ N (N = p, n). Without producing any additional on-shell particle (as does the mesonic weak decay Λ → πN ), the mass is changed by 176 MeV, and the strangeness by |∆S| = 1, which implies the most radical modification of an elementary particle within the nucleus. At the same time it offers the best opportunity to study the strangeness-changing interaction between hadrons, and is the main decay channel for medium and heavy hypernuclei.
With the incorporation of strangeness, the radioactivity domain is extended to three dimensions (N, Z, S), which, because of the additional binding due to the Λ-hyperon, is even richer in elements than the ordinary (N, Z) domain. (For instance, while the one-neutron separation energy in 20 C is 1.01 MeV, it is 1.63 MeV in 21 Λ C [1] .) This attribute of hypernuclei has motivated a recent proposal to produce neutron rich Λ-hypernuclei at the Japan Proton Accelerator Research Complex (J-PARC), including 9 Λ He [2] 1 . Important experimental efforts have been invested in hypernuclear weak physics during the last few years [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . The correlative theoretical advances in our knowledge of the NMWD, have been also quite significant . For recent review articles see Refs. [50] [51] [52] [53] . The ratio Γ n/p ≡ Γ n /Γ p , together with the asymmetry parameter ratio a Λ for emission of protons from polarized hypernuclei [37, 53] , has been in the past and still are the main concerns in the physics of NMWD. For a long time the large experimental value for the Γ n/p ratio (close to unity) remained unexplained. But, recent improved data tend to converge to ∼ = 0.5 [7] [8] [9] [10] , both for 1 It is also speculated that the NMWD could have an important role in the stability of rotating neutron stars with respect to gravitational wave emission [3, 4] .
In the meantime the theoretical estimates of Γ n/p , done within the one meson-xchange (OME) model, have increased. For instance, Parreño, and Ramos [24] have found Γ n/p ( 5 Λ He) = 0.34 − 0.46, and Γ n/p ( 12 Λ C) = 0.29 − 0.34, when the exchanges of the complete pseudoscalar (π, K, η) and vector (ρ, ω, K * ) meson octets are taken into account, with the weak coupling constants obtained from soft meson theorems and SU (6) W [17, 18] . The dominant role is played by the exchange of pion and kaon mesons, and when their effect is combined with the Direct-Quark (DQ) model, the value of the n/p ratio is increased up to 0.70 [20, 23] . However, these transition mechanisms continue to predict too large and negative value for a Λ . There are two recent proposals to bring this value into agreement with experiments by going beyond the OME+DQ models. The first considers incorporating new scalar-isoscalar terms induced by 2π-exchanges [38] .( See also Refs. [22, 31] on the relevance of these terms.) In the second, in addition to the model of π + 2π/ρ + 2π/σ + 2p/s + ω + K exchanges, is introduced the axial-vector a 1 -meson exchange [40] .
Quite recently we have discussed the parameter a Λ within the independent particle shell model (IPSM), together with the s-wave approximation (sWA) [37] . The corollary of this study was that, independently of the NMWD dynamics, this observable has the same value in all hypernuclei that have totally full proton subshells, such as 5 Λ He and 12 Λ C, and very likely also in the remaining hypernuclei. This result is a direct consequence of the fact that a Λ , same as Γ n/p , is a ratio of two transition rates, which makes it, in absence of Final State Interactions (FSI), dependent purely on the dynamical features of the NMWD.
The aim of this work is twofold. First, we establish the link between the theoretical formalism for the NMWD of the s-shell hypernuclei originally introduced by Block and Dalitz [55] , and the general formalism used presently for any type of hypernuclei. Second, we show that the IPSM framework, together with the sWA, allow us to formulate the rates Γ N within the p, d, etc shells in terms of the s-shell nuclear matrix elements (NME). Previous research in this direction has been done by Alberico, and Garbarino [21] and by Cohen [56] . Later on, it is demonstrated that regardless of the decay mechanism: i) all hypernuclei with the same number of protons and neutrons (i.e., with Z = N) should have the same ratio Γ n/p , ii) the value of this observable increases (decreases) as the neutron (proton) excess is enlarged, and iii) simple analytic relationships exist between Γ n , Γ p , and Γ n/p in different hypernuclei with the same mass number A. The derivation of these results, same as those on the parameter a Λ [37] , is based on the assumption that the emission of the nucleons N from different single-particle states is affected in a similar way by the FSI. Then, before presenting the formalism, it might be convenient to comment on the relationship between the ratio Γ n /Γ p and the FSI.
The primary partial decay rates Γ N are in principle derivable from the measurements of emitted nucleons n and N spectra. These are: i) the single-nucleon spectra S(E N ), as a function of one-nucleon kinetic energies E N , and ii) nN coincidence spectra S(E nN ), and S(cos θ nN ), as functions of the sum of kinetic energies E nN = E n + E N , and the opening angle θ nN , respectively. From these spectra are determined the numbers of protons N p , and neutrons N n , and numbers of pairs N nn , and N np , which are not related in a simple way with Γ n and Γ p . This is because not all primary nucleons, originated by the NMWD, are measured. In propagating within the nuclear environment they interact with the surrounding nucleons, and in some cases they change their momenta, and energies, some of them even can be absorbed by the medium, and emission of additional (secondary) nucleons can take place as well [43] [44] [45] [46] [47] [48] . All these processes represent a complicated many-body problem, and are generically designated as FSI. To describe them, keeping the calculations feasible, are indispensable model assumptions, and the FSI are usually simulated by a semi-classical model, developed by Ramos et al. [19] , and called the intranuclear cascade (INC) model. This model interrelates the rates Γ n , and Γ p with the numbers N n , N p , N nn , and N np , and therefore, as stressed recently by Bauer and Garbarino [47] , the FSI described by the INC model should not be included in the evaluation of decay rates Γ n , and Γ p . However, not all FSI are considered within the INC model, and which additional FSI contribute to the NMWD spectra and decay rates, and how and which of them should be included in the calculation are nontrivial questions. Some candidates are as follows:
(i) Short range correlations (SRCs) acting on final nN states; here one starts from the plane wave approximation for the outgoing nucleons and the SRCs are incorporated a posteriori, either phenomenologically through Jastrowlike SRC functions, or by solving the Bethe-Goldstone equation. The first approach is used within both nuclear matter [30, [43] [44] [45] , and finite nuclei calculations [18, [26] [27] [28] , and the second one only in the shell-model-type calculations [18, 24, 25, 40] .
(ii) Self-energy and vertex particle-hole corrections, and RPA-like rescattering effects (see, for instance, the Fig. 2 of Ref. [54] ). It is not known whether these FSI contribute coherently or incoherently, and it can even happen that (b) and (c) cancel out, as do the divergences in the vertex, and fermion self-energy corrections in the QED, because of the Ward identity. (Something similar happens also in the nuclear particlephonon-coupling model.) The first ones can be associated with the mean-field effects on the single-particle wave functions engendered by an energy-dependent complex optical potential [49] .
(iii) Interactions of the deep-hole states (which become highly excited states in the continuum after the NMWD) with more complicated configurations (2h1p, 3h2p · · ·, collective states, etc), which spread their transition strengths in relatively large energy intervals [41] .
There is no theoretical study in the literature on the NMWD encompassing all aspects of the FSI. The development of a microscopic many-body model for the FSI described by the INC model would be also extremely welcome, and so far only in Refs. [39, 45] were the first steps taken toward this goal. Finally, the two-body induced NMWD ΛN N → nN N , which has been recently measured [15] , should be also considered 2 . Briefly, the issue of FSI is a tough nut to crack, and a lot of theoretical work has to be done still, particularly in relation to the recently measured spectra S(E N ), S(E nN ), and S(cos θ nN ) [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , which are certainly affected by them. However, as the purpose of the present contribution is not to make progress in this direction, among all possible FSI, only the SRCs will be considered here. This is done phenomenologically, and initial ΛN state SRCs are included on the same footing [18, [26] [27] [28] . It is our belief that this is a fair approximation for the objectives of the present work.
II. DECAY RATES
To derive the NMWD rate within the IPSM we start with the Fermi Golden Rule. For a hypernucleus, in its ground state with spin J I and energy E JI , decaying to: i) several states α N in the residual nuclei with spins J F and energies E αN JF , and ii) two free nucleons n and N , with momenta p n , and p N , kinetic energies E n = p 2 n /2M , and
, and total spin S, reads [26] [27] [28] 
where for sake of simplicity we have suppressed the magnetic quantum numbers. The NMWD dynamics, contained within the weak hypernuclear transition potential V , will be described by the OME model. The wave functions for the kets |p n p N SM S J F M F and |J I M I are assumed to be antisymmetrized and normalized, and the two emitted nucleons n and N are described by plane waves. Initial and final SRCs are included phenomenologically at a Jastrow-like level, while the finite nucleon size effects at the interaction vertices are gauged by monopole form factors [18, 26] . Moreover,
2) is the recoil energy of the residual nucleus, and
3)
MeV is the liberated energy. It could be convenient to perform a transformation to the relative and c.m. i) momenta: p = (p n −p N )/2, P = p n + p N , ii) coordinates r = r n − r N , R = (r n + r N )/2, and iii) orbital angular momenta l and L. The energy conservation is expressed as
where
are, respectively, the energies of the relative motion of the outgoing pair, of the recoil, and of the total c.m. motion (including the recoil).
Following the analytical developments done in Ref. [26] , the transition rate can be expressed as a function of the c.m. momentum P :
with
It is clear that the condition P ≤ P ∆α N J F has to be fulfilled for each final state |α N J F . Moreover
where (and henceforth) the ket |), unlike | , indicates that the state is not antisymmetrized,
is the overlap of the c.m. radial wave functions R 0L , and j L for the bound and outgoing particles, respectively, and b is the harmonic oscillator size parameter.
, with m tp = 1/2, and m tn = −1/2, where we have assumed that the ΛN → nN interaction occurs with the isospin change ∆T = 1/2. Explicitly,
(2.12) It might be pertinent to mention that the factor (A−2)/A in Eqs. (2.6), (2.8), and (2.9) comes from the recoil effect, which, in the same way as the spreading of the deep hole states, is relevant for the NMWD spectra [41, 42] , but its role is of minor importance for the total transition rates Γ N .
A. Independent-article shell model
Up to now nothing has been said about the initial state |J I , and final states |α N J F . Within the IPSM the following assumptions are made, which greatly simplify the numerical calculations: 1) The initial hypernuclear state is taken as a Λ-particle in single-particle state j Λ = 0s 1/2 weakly coupled to an (A − 1) nuclear core of spin J C , i.e., |J I ≡ |(J C j Λ )J I .
2) When the nucleon inducing the decay is the singleparticle state j N (j ≡ nlj), the final residual nucleus states are:
We adopt the simplest version of the IPSM, in which all the relevant particle states are assumed to be stationary, and the liberated energy is 13) where N = p, n, and the ε's are single-particle energies.
(The non-stationary version of the IPSM is discussed in Ref. [41] .) Within this scheme, we get [26, 28] 
where the summation goes over all single-particle transition rates Γ The spectroscopic factors F j N J are defined as
with the notationĴ = √ 2J + 1, while the partial transition rates read
the maximum value of P for each j N , and
the corresponding relative momentum. It should be stressed that the most important virtue of the IPSM is that the index α becomes superfluous, 3 In order to use here the same notation for R NJ as in Ref. [55] , as well as to write R j NJ instead of R j N J , the j N variable employed in previous publications is frequently split here in j, and N . and the summation on the final spins J F can be carried out without knowing the nuclear structure of the initial and final nuclear states. This simplifies enormously the numerical calculations. As far as we know, the IPSM has been used to a great extent in all previous finite nucleus evaluation of the NMWD.
B. s-wave approximation
Galeão [57] has shown that the matrix elements in (2.10) can be cast in the form
with 20) where (0 · · · | · · · l N ) are the Moshinsky brackets [58] . The plain sWA implies that we make l = 0 in (2.19), and (2.20), which leads to
In particular, for the s-shell hypernuclei 
where P N ≡ P s 1/2 N , and
As it is well known, the corresponding transition rates 26) with N = n, p, depend only on four single-particle transition rates R n0 , R n1 , R p0 and R p1 . Here we will express the Γ N 's of heavier hypernuclei in the same way as was done in Eq. (2.26) for the s-shell hypernuclei, i.e., as a linear combination of R N 0 and R N 1 only:
To derive the generalized spectroscopic factors (GSF's) F N 0 and F N 1 for hypernuclei up to 29 Λ Si we perform summations over λ in (2.16) for each single-particle state j = p 3/2 , p 1/2 , and j = d 5/2 . The resulting R j N J turn out to be quite similar to (2.24) for R s 1/2 N J , except that now P N , and Ø 0 (P ) are substituted, respectively, by P j N , and Ø lN (P ). Thus, we supplement the plain sWA with the substitution, 28) which are fair approximations for the evaluations of ratios Γ n /Γ p and a Λ . 4 In this way we get
where the numerical factors come from the summation on λ of the squares of coefficients C 0 (lλSJl N j N ; K) given by (2.22). It could be useful to express the Eq. (2.24) within the Block-Dalitz notation [55] : 4 This sWA has been used in Ref. [37] for the NME. Assuming the same value of single-particle energies for protons and neutrons in the state 0s 1/2 , one gets the well known results 32) and similarly for b, · · · f . As the NME depend very weakly on the momentum p we can compute them at
, and write
which after performing the integration reads [59] 35) where I 1 (z) is modified Bessel function of the first kind, and
Using the asymptotic form of I 1 (z) (I 1 (z) ∼ = e z / √ 2πz) one gets 37) which is the same result as that derived previously in Ref. [37] , where the recoil effect was not considered. Therefore one sees that after performing the integration in (2.32) this effect is totally washed out from the transition rates. To evaluate the Γ N from (2.14), as well as to derive the GSF's in (2.27), we need to know the spectroscopic factors F j N J given by (2.15) . These, in turn, depend on the angular momenta J C and J I , which are fixed from the experimental data, and are exhibited in Table I . The Table I ]. The remaining can be easily inferred from this table, except for the p-wave ones in Table I . It is noticeable that in the jj closed shells the singlet to triplet ratio (F N 0 : F N 1 ) is always (1 : 3). In all hypernuclei heavier than 5 Λ He the contribution of the state 0s 1/2 to the total rate Γ N is 38) while the contributions of the single-particle states 0p 3/2 , 0p 1/2 , etc depend on their occupations, which, in turn, are reflected in the values of the GSF's listed in Table I . For instance, Γ 40) for the "heavy species" of hypernuclei. From Table I one sees, however, that this relation is: i) strictly fulfilled only for N = Z nuclei, i.e., Moreover, as all hypernuclei with the same A hold the same elementary rates (2.24), very simple relationships can be established from Table I between their rates Γ p , and Γ n , and ratios Γ n/p . For instance:
Detailed calculations of Refs. [18, 25, 26] have proved that the contribution of the p partial wave to NMWD in p-shell hypernuclei, as well as in heavy-mass systems, is relatively small ( < ∼ 10%). In particular, Itonaga et al. [25] have explored the decay rates Γ n , and Γ p in hypernuclei from A = 4 up to A = 209, establishing that the pwave contributions to the calculated total one-nucleon induced decay rates Γ nm = Γ p + Γ n , and ratios Γ n/p are only a few percent of the respective s-wave contributions (see [25, Fig. 9]) . They have attributed this finding to the short range of the decay interaction. In fact, it is well known that the ranges of the radial pieces v(r) of the OME potentials are inversely proportional to the meson masses (see [25, Figs. 3, 4, and 5] ), being the largest inverse mass that of the pion (m −1 π = 1.4 fm). Then, when one analyzes the radial matrix element in (2.19), which reads (see [27, 42) where g N Λ and g N N are, respectively, the initial and final SRCs functions, one can see that the harmonic oscillator wave function R 0l ( √ 2b, r) is: i) picked at the origin for l = 0, and ii) the integrand maxima for l = 1, which in principle should be at the distance √ 2b (= 2.5 fm for 12 Λ C) from the origin, is shifted even farther because of the factor r 2 . This, together with the approximation (2.28) for the c.m. overlaps, makes the s-wave radial matrix elements large compared to the p-wave ones. Moreover, it could be worth mentioning that with the Wood-Saxon radial wave functions one gets analogous results since they are quite similar to that of the harmonic oscillator, as can be seen, for instance, from [60, Figure 2 -22].
III. COMPARISON BETWEEN EXACT AND sWA RESULTS
For the hypernuclei of interest here, the approximated results are confronted numerically with the full calculations in Table II . This is done within the following framework: a) The NMWD dynamics is described by the π + K OME potential, with the weak coupling constants from Ref. [18, 24] , b) The parameter b is evaluated as in Ref. [28] , i.e., b = 1/ √h ωM N , withhω = 45A −1/3 − 25A −2/3 MeV. c) The initial and final SRCs, as well as the finite nucleon size effects are included in the same way as in our previous works [26] [27] [28] 37] . The results displayed in Table II clearly show that the agreement between the exact and sWA results is indeed quite satisfactory. In fact, the differences between them are of the same order of magnitude or smaller than that of the kinematical and nonlocality effects discussed in [27] . A more rigorous inclusion of the strong interaction ingredients on the initial and final two-body states, as done in Refs. [24, 25, 40] , will modify in the same way the exact and sWA results, without affecting the conclusions of the present work. Namely, there is no physical reason why the mixing between states with the same total angular momenta and different orbital and spin angular momenta -induced by the SRCs, and exhibited in [40, Eqs. (46) and (47)] -should influence differently the exact and sWA calculations. That this is true for the final state follows immediately from the fact that the sWA is done only on the initial state. Thus, all the discussion performed in Refs. [24, 40] for the final-state tensor correlation is equally valid for both calculations. The initial ΛN SRCs are less discussed in the literature. Nevertheless, it was established that the phenomenological spinindependent correlation function [18, Eq. (21) ], which is the same as that used here, is a good approximation of the full correlation function.
The sWA works very well for any other choice of the OME potential different from the model assumption of π + K exchanges considered above. As one example in Table II are also shown the results for 12 Λ C (labelled as 12 Λ C') obtained with the full π + η + K + ρ + ω + K * OME potential. It is also evident that more realistic estimates of the oscillator parameter b, as the one given by Itonaga et al. [25] One should keep in mind that in the Fermi gas model the Λ-hyperon is taken to be always in a relative s-state with respect to any of the nucleons within the hypernucleus. Therefore, the success of the sWA indirectly justifies the application of such a model to the NMWD of finite nuclei [39] .
After fixing the OME potential, all R N J depend only on b and ∆ N . As an example, the dependence of R p1 on these two quantities is illustrated in Fig. 1 . The variation of ∆ p has a very small effect, as can be seen from Eq. (2.37). Contrary to this, the R N J depend very strongly on b trough the radial wave function R 00 ( √ 2b, r) in Eq. (2.42). The corresponding s-shell single-particle decay rates R N J are exhibited in Table III . Finally, we note that by using the values listed in Tables I and III , together with Eq. (2.27), we recover the sWA results shown in Table II Table III , as well as Fig. 1, clearly show that the size parameter b is the most important nuclear structure parameter for the NMWD rates Γ n and Γ p , and therefore the knowledge of its value for each individual hypernuclei could become crucial in comparing the theory with experiments. However, this not come to pass with the ratio Γ n/p , which is mainly tailored by the OME potential.
IV. CONCLUSIONS AND SUMMARY
The following conclusions can be drawn regardless of the OME potential that is used:
(1) The sWA is sufficiently accurate, not only for qualitative discussions, but also for quantitative descriptions of the NMWD in hypernuclei within the IPSM, when the SRCs are described by phenomenological correlation functions as done here.
(2) The increase of transition rates Γ n , Γ p , and Γ nm , as a function of the hypernuclear mass number, stems from the interplay of the increase of F N J , and the decrease of R N J , and (3) The ratio Γ n/p is almost the same for all hypernuclei that are on the stability line (N = Z), i.e., Λ C, while the constituent R N J rates remain the same. It might be somewhat surprising that Γ n < Γ p even when the neutron number is greater than the proton number. But, as seen from Table  III , the reason for this is the dominance of R p1 on the other three single-particle decay rates. This dominance, in turn, comes from the dominance of the tensor amplitude d on the remaining amplitudes. The only exception is 4 Λ H for which R p1 does not contribute. In summary, using as a tool the IPSM and the s-wave approximation, we have shown that the decay rates Γ n , and Γ p can be interrelated in a very simple way in all hypernuclei going from 
ACKNOWLEDGMENTS
This work is supported by the Argentinian agency CONICET under contract PIP 0377. I am grateful to Eduardo Bauer for helpful discussion and critical reading of the manuscript.
